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Abstract
In this paper, a Sasakian manifold with D-conformal curvature tensor is studied.
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1 Introduction
Assume (Mn,g) is a contact Riemannian manifold with a contact form, an associated
vector ﬁeld ξ, a (1-1) tensor ﬁeld ϕ and the associated Riemannian metric g. If ξ is a
killing vector ﬁeld, then Mn is called a K-contact Riemannian manifold [1] and [5]. A
K-contact Riemannian manifold is called a Sasakian manifold [1]. If
(DXϕ)(Y ) = g(X,Y )   η(Y )X (1.1)
holds true, where D denotes the operator of covariant diﬀerentiation with respect to g [4].
The D conformal curvature tensor [2] B and projective curvature tensor P [7] on a
Riemannian manifold (Mn,g) (n > 4) are deﬁned as,
B(X,Y )Z = R(X,Y )Z + 1
n 3fS(X,Z)Y   S(Y,Z)X
+g(X,Z)QY   g(Y,Z)QX   S(Y,Z)η(Y )ξ
+S(Y,Z)η(X)ξ   η(X)η(Z)QY + η(Y )η(Z)QXg
 k 2
n 3fg(X,Z)Y   g(Y,Z)Xg + k
n 3fg(X,Z)η(Y )ξ
 g(X,Z)η(Y )ξ + η(X)η(Z)Y   η(Y )η(Z)Xg,
(1.2)
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P(X,Y )Z = R(X,Y )Z  
1
n   1
fS(Y,Z)X   S(X,Z)Y g (1.3)
respectively, where r is the scalar curvature, Q is the Ricci operator and k =
(r+2(n 1))
(n 2) .
In this paper, sasakian manifolds satisfying the conditions R(X,Y ).B = 0, B(X,Y ).S = 0
and P(X,Y ).S = 0 are considered, where B and P denote the D conformal curvature
tensor and the projective curvature tensor, respectively.
2 Preliminaries
Assume S and r denote the Ricci tensor of type (0,2) and the scalar curvature in a Sasakian
manifold (Mn,g), respectively. In a Sasakian manifold Mn, the following relations are
known to hold true ([1, 3, 5, 6])
ϕ(ξ) = 0
η(ξ) = 1 (2.4)
g(ξ,X) = η(X) (2.5)
S(X,ξ) = (n   1)η(X) (2.6)
R(X,Y )ξ = η(Y )X   η(X)Y (2.7)
g(R(ξ,X)Y,ξ) = g(X,Y )   η(X)η(Y ) (2.8)
R(ξ,X)Y = g(X,Y )ξ   η(Y )X (2.9)
g(ϕX,ϕY ) = g(X,Y )   η(X)η(Y ) (2.10)
for any vector ﬁeld X, Y . The results shown above are used in the next section.
3 Main Results
Assuming that in a Sasakian manifold
B(X,Y )Z = 0 (3.11)
Then it follows from (1.2) and (3.11) that
R(X,Y )Z =   1
n 3[S(X,Z)Y   S(Y,Z)X
+g(X,Z)QY   g(Y,Z)QX   S(X,Z)η(Y )ξ + S(Y,Z)η(X)ξ
 η(X)η(Z)QY + η(Y )η(Z)QX] + k 2
n 3[g(X,Z)Y   g(Y,Z)X]
  k
n 3[g(X,Z)η(Y )ξ   g(Y,Z)η(X)ξ + η(X)η(Z)Y   η(Y )η(Z)X]Journal of Nonlinear Analysis and Application 3
or,
g(R(X,Y )Z,U) =   1
n 3[S(X,Z)g(Y,U)   S(Y,Z)g(X,U)
+g(X,Z)S(Y,U)   g(Y,Z)S(X,U)   S(X,Z)η(Y )η(U)
+S(Y,Z)η(X)η(U)   η(X)η(Z)S(Y,U) + η(Y )η(Z)S(X,U)]
+k 2
n 3[g(X,Z)g(Y,U)   g(Y,Z)g(X,U)]
  k
n 3[g(X,Z)η(Y )η(U)   g(Y,Z)η(X)η(U)
+η(X)η(Z)g(Y,U)   η(Y )η(Z)g(X,U)]
(3.12)
In (3.12) taking X = U = ξ and then using (2.4)-(2.9), it is seen that,
0 =
 4
n   3
fg(Y,Z)   η(Y )η(Z)g (3.13)
Then, (3.13) implies that
g(Y,Z)   η(Y )η(Z) = 0 (3.14)
from (3.14) and (2.10) it is seen that, g(ϕX,ϕY ) = 0. However, as this is not possible,
the following result is obtained:
Theorem 3.1. There is no sasakian manifold satisfying B(X,Y )Z = 0.
Denition 3.1. A Riemannian manifold (Mn,g) is termed a Ricci D-conformal semi-
Symmetric, if B(X,Y ).S = 0
From (1.2) by using (2.5), (2.6) and (2.8) we obtain
η(B(X,Y )Z) =
 4
n   3
fg(Y,Z)η(X)   g(X,Z)η(Y )g. (3.15)
From (3.15), it is seen that,
η(B(X,Y )ξ) = 0 (3.16)
and
η(B(ξ,Y )Z) =
 4
n   3
fg(Y,Z)   η(Z)η(Y )g. (3.17)
Assuming Mn is a Sasakian manifold satisfying the condition
B(X,Y ).S(Z,W) = 0 (3.18)
By virtue of (3.18) we get,
S(B(X,Y )Z,W) + S(Z,B(X,Y )W) = 0. (3.19)
Now using X = W = ξ in (3.19) and using (2.6), (3.15), (3.16) and (3.17) we get
S(Y,Z) = (n   1)g(Y,Z). (3.20)
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Theorem 3.2. A Ricci D-conformal semi-symmetric Sasakian manifold is an Einstein
manifold.
Now, to prove the following theorem:
Theorem 3.3. A Ricci D-conformal semi-symmetric Sasakian manifold is an Einstein
manifold.
The scalar curvature of a D-conformal semi-symmetric Sasakian manifold Mn is con-
stant.
Proof. From (3.20), we have
QX = (n   1)X, (3.21)
where Q is the Ricci operator deﬁned by S(X,Y ) = g(QX,Y ). Contracting (3.21) with
respect to X, it is seen that, r = n(n   1).Z. This completes the theorem.
Next, to prove the following theorem:
Theorem 3.4. There is no Sasakian manifold satisfying R(X,Y ).B = 0.
Proof. Assuming M is an n-dimensional Sasakian manifold which satisﬁes the condition
R(ξ,X).B = 0, then it can be expressed as,
0 = R(X,Y )B(Z,V )W   B(R(X,Y )Z,V )W
 B(Z,R(X,Y )V )W   B(Z,V )R(X.Y )W
(3.22)
for all vector ﬁelds X, Y , Z, V and W on M.
For X = ξ, from (1.1) and (3.22) it is seen that,
0 = B(Z,V,W,Y )   η(B(Z,V )W)η(Y )
 g(Y,Z)η(B(ξ,V )W) + η(Z)η(B(Y,V )W)
 g(Y,V )η(B(Z,ξ)W) + η(V )η(B(Z,Y )W)
 g(Y,W)η(B(Z,V )ξ) + η(W)η(B(Z,V )Y ).
(3.23)
Using Y = Z in (3.23), from (3.15) and (3.16) it is seen that,
0 = B(Z,V,W,Z)   g(Z,Z)η(B(ξ,V )W)
 g(Z,V )η(B(Z,ξ)W) + η(W)η(B(Z,V )Z).
(3.24)
From (3.24), by a contraction, we obtain
4(n   1)
n   3
fg(Y,Z)   η(Y )η(Z)g = 0.
This implies that g(Y,Z) = η(Y )η(Z). Then from (2.10), we get g(ϕY ;ϕZ) = 0, which is
not possible. This completes the theorem.
Theorem 3.5. Let M be an n-dimensional Sasakian manifold. Then M is projectively
Ricci-symmetric if and only if an Einstein manifold.Journal of Nonlinear Analysis and Application 5
Proof. Assume that M is an n-dimensional Sasakian manifold that satisﬁes the condition
P(X,Y ).S(Z,W) = 0, then it can be expressed as,
S(P(X,Y )Z,W) + S(Z,P(X,Y )W) = 0. (3.25)
Taking X = ξ in (3.25), from (1.3) and (2.6) we obtain
S(Y,Z)η(W) = (n   1)g(Y,Z)η(W) (3.26)
Eq. (3.26) implies that S(Y,Z) = (n   1)g(Y,Z). The converse statement is trivial. This
completes the proof of the theorem.
References
[1] D. E. Blair, Contact manifold in a Riemannian Geometry. Lecture notes in Mathe-
matics, 509, Springer Verlag, 1976.
[2] G. Chuman, On the D-conformal curvature tensor, Tensor N.S, 46 (1983) 125-129.
[3] U. C. De, J. B. Jun, A. K. Gazi, Sasakian manifolds with quasi-conformal curvature
tensor, Bull. Korean Math. Soc. 45 (2008) 313-319.
http://dx.doi.org/10.4134/BKMS.2008.45.2.313.
[4] Q. Khan, On an Einstein projective sasakian manifold, Novi Sad J. Math. 36 (2006)
97-102.
[5] S. Sasaki, Lecture notes on almost contact manifolds, part 1. Tohoku University,
(1975).
[6] S. Sasaki, Lecture Note on Almost Contact Manifolds, Part II, Tohoku University,
1967.
[7] H. Singh, Q. Khan, On generalized recurrent Riemannian manifolds. Publ. Math.
Debrceen, Hungary 56 / 1-2 (2000) 87-95.